Chemical-potential dependence of pi and sigma meson masses is analyzed at both real and imaginary chemical potentials, µR and µI, by using the Polyakov-loop extended Nambu-Jona-Lasinio (PNJL) model that possesses both the extended Z3 symmetry and chiral symmetry. In the µI region, the meson masses have the Roberge-Weiss periodicity. The µI dependence of the meson masses becomes stronger as temperature increases. We argue that meson masses and physical quantities in the µR region will be determined from lattice QCD data on meson masses in the µI region by using the PNJL model, if the data are measured in the future.
I. INTRODUCTION
Extensive studies for exploring the phase diagram of Quantum Chromodynamics (QCD) have been done at finite temperature (T ) and chemical potential (µ). In the study of the quarkgluon system, lattice QCD (LQCD) is a powerful method if µ = 0. LQCD, however, has the well known sign problem when the real part of µ is finite; for example, see Ref. [1] and references therein. Therefore, several approaches such as the reweighting method [2] , the Taylor expansion method [3] , the analytic continuation from imaginary chemical potential µ I to real one µ R [4, 5, 6] and so on are suggested to circumvent the difficulty, but those are still far from perfection.
Constructing the effective model is an approach complementary to the first-principle LQCD simulation. For example, the phase structure and light meson masses at finite T and µ R are extensively investigated by the Nambu-Jona-Lasinio (NJL) model [7, 8, 9, 10, 11] and the the Polyakov-loop extended Nambu-Jona-Lasinio (PNJL) model [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30] . The NJL model can treat the chiral symmetry breaking, but does not possess the confinement mechanism. Meanwhile, the PNJL model is designed [14] to treat the confinement mechanism approximately in addition to the symmetry breaking. In this sense, the PNJL model is superior to the NJL model.
In the PNJL model with two flavor quarks, the model parameters are usually determined from the pion mass and the pion decay constant at T = µ = 0 and LQCD data at finite T and zero µ; see Sec. II for the details. However, the strength of the vector-type four-point interaction can not be determined at zero µ and then remains as a free parameter, although the location of the critical endpoint of the chiral phase transition in the µ R region is found to be sensitive to the strength [11, 28, 31] . Thus, it is highly nontrivial how large the strength of the * kashiwa@phys.kyushu-u.ac.jp † matsuza@fukuoka-edu.ac.jp ‡ kounoh@cc.saga-u.ac.jp § sakai@phys.kyushu-u.ac.jp ¶ yahiro@phys.kyushu-u.ac.jp vector-type interaction is and whether the PNJL model well simulates the µ dependence of the phase structure and light meson masses. This should be tested directly from QCD. Fortunately, this is possible in the µ I region, since LQCD is feasible there because of the absence of the sign problem. Furthermore, it is possible to determine the strength of the interaction ,for example the vector-type four quark and the higher-order multi-quark interaction, from LQCD data in the µ I region, as proposed by our previous paper [32] . In addition, the canonical partition function Z C (n) with real quark number n can be obtained as the Fourier transform of the grand-canonical one Z GC (θ) with µ = iµ I = iθT [33] :
Thus, the thermodynamic potential, Ω QCD (θ) = −T ln(Z GC (θ)), at finite θ contains the QCD dynamics at real n and hence at finite µ R in principle. Therefore, we can confirm the reliability of the PNJL model in the µ R region by comparing the model results with LQCD ones in the µ I region.
Roberge and Weiss (RW) found that Ω QCD (θ) has a periodicity, Ω QCD (θ) = Ω QCD (θ + 2πk/3), in the µ I region [33] , where k is any integer. The RW periodicity indicates that QCD is invariant under the extended Z 3 transformation, that is, the combination of the Z 3 transformation and the coordinate transformation θ → θ + 2π/3, as shown later in Sec. II; see our previous works [32] for the details. At the present stage the PNJL model is only a realistic model that possesses both the extended Z 3 symmetry and chiral symmetry. The PNJL model results are then consistent with LQCD ones particularly in the θ-dependence of the Polyakov loop, the quark number density and the chiral condensate [32] . In the PNJL model, we do not need any extrapolation from the µ I to the µ R region, since the model calculation is feasible at finite µ R with the input parameters determined so as to reproduce LQCD data in the µ I region. We call this procedure the imaginary chemical-potential matching approach (the θ-matching approach) in this paper.
In this paper, using the PNJL model, we predict the µ dependence of pi and sigma meson masses in the real and imaginary µ regions, and argue that meson masses and physical quantities in the µ R region will be determined from LQCD data on meson masses in the µ I region by using the PNJL model, if the data are measured in the future. Concretely, the following four points are argued. First, we show that the meson masses have the RW periodicity. Second, the θ dependence of meson masses is found to become large as T increases. We then recommend that LQCD simulations on meson masses in the µ I region be made at higher T near the pseudo-critical temperature T c of the deconfinement phase transition at µ = 0. Third, the validity of two extrapolations from µ = µ I to µ = µ R is discussed by comparing results of the extrapolations with the PNJL one. In recent LQCD calculations at finite θ, only small lattice sizes are taken, so that pion mass evaluated in Ref. [34] is unnaturally large. This indicates that the bare quark mass (m 0 ) taken there is rather large. Finally, we discuss how sensitive meson masses are to the value of m 0 , comparing two cases of m 0 = 5.5 and 80 MeV. This sort of model prediction is important before doing heavy LQCD calculations with large lattice size in the µ I region.
We briefly explain the PNJL model in section II and present equations for meson masses in section III. In section IV, numerical results are shown on the µ-dependence of pi and sigma meson masses, and the validity of two extrapolation methods is discussed. Section V is devoted to summary.
II. PNJL MODEL
In this section, we briefly review the PNJL model; see [32] for the details. The Lagrangian density of the two-flavor PNJL model is
where , the Gell-Mann matrix λ a and the gauge coupling g. The matrix τ stands for the isospin matrix and G s denotes the coupling constant of the scalar-type four-quark interaction. For simplicity, we neglect the vector-type four-quark interaction, since it does not change the conclusion of this paper qualitatively.
In the PNJL model, the gauge field A µ is treated as a homogeneous and static background field A 0 , that is, A µ = δ 0µ A 0 . In the Polyakov gauge, the Polyakov loop and its Hermitian conjugate, Φ andΦ, are diagonal in color space:
with
where φ a and φ b are classical variables and A 4 = iA 0 . We make the mean field approximation (MFA) to the quarkquark interactions in (2), as follows. In (2), the operator productqq is first divided intoqq = σ + (qq)
′ with the mean field σ ≡and the fluctuation (qq) ′ . Ignoring the higher-order terms of (qq) ′ in the rewritten Lagrangian and resubstituting (qq) ′ =qq − σ into the approximated Lagrangian, one can obtain a linearized Lagrangian based on MFA,
where M is the effective quark mass defined by M = m 0 − 2G s σ. In (5), use has been made of qiγ 5 τ q = 0, because the ground state is assumed to be invariant under the parity transformation. In the MFA Lagrangian L MFA PNJL , quark fields interact only with the homogeneous and static back ground fields A 0 and σ. Hence, we can easily make the path integral over the quark field to get the thermodynamic potential per unit volume,
where
This is easily understood by introducing the modified Polyakov loop,
, invariant under the the extended Z 3 transformation (7), since Ω PNJL is described as a function of only the extended Z 3 invariant quantities, Ψ , Ψ , σ and e
The physical quantities X = σ, Ψ andΨ are determined by the stationary conditions ∂Ω PNJL /∂X = 0. These equations include the θ-dependence only through the factor e 3iθ , indicating that the X have the RW periodicity, X(θ) = X(θ + 2πk/3). Inserting the solutions back to Ω PNJL , one can see that Ω PNJL also has the RW periodicity, Ω PNJL (θ) = Ω PNJL (θ + 2πk/3); see [32] for the details.
We take the three-dimensional momentum cutoff because this model is nonrenormalizable,
Hence, the present model has three parameters m 0 , Λ and G s . We take Λ = 0.6315 GeV and G s = 5.498 GeV −2 so as to reproduce the pion decay constant f π = 93.3 MeV and the pion mass M π = 138 MeV at T = µ = 0, when a realistic quark mass m 0 = 5.5 MeV is taken [31, 35] .
We use U of Ref. [17] fitted to LQCD data in the pure gauge theory at finite T [36, 37] :
Following Ref. [32] , we take T 0 = 190 MeV so as to reproduce the pseudo-critical temperature T c of the deconfinement phase transition at µ = 0 evaluated by LQCD; specifically, T c is 170 MeV in the PNJL model, whereas it is 173 ± 8 MeV in full LQCD calculations [38] . Thus, the present four parameters are determined from the pion mass and the pion decay constant at T = µ = 0 and LQCD data at T > 0 and µ = 0. However, if the vector-type four-quark interaction (qγ µ q) 2 is added to L, the strength can not be determined at µ = 0, since its mean field n = qγ 0 q is zero there. The strength will be determined by physical quantities at finite θ such as meson masses, if they become available in the future.
III. MESON MASS
In this section, we consider pion and sigma meson and derive equations for the meson masses, following Ref [21] . Correlators of current operators carry physical mesons with the quantum number. The pseudoscalar isovector current with the same quantum number as pion is
and the scalar isoscalar current with the same quantum number as sigma meson is
The Fourier transform of the mesonic correlation function
where ξ = P for pion and S for sigma meson and T stands for the time-ordered product. Using the random phase approximation (the ring approximation), one can obtain the Schwinger-Dyson equation for C ξξ at T = µ = 0 where Φ =Φ = 0,
with the one-loop polarization function
where S(q) is the quark propagator in the Hartree approximation and Γ ξ = Γ a P = iγ 5 τ a for pion and Γ ξ = Γ S = 1 for sigma meson. In the random phase approximation, the solution to (15) is given as
Noting that meson mass M ξ (ξ = π and σ) is a pole mass of C ξξ (q 2 ) and taking the rest frame q = (q 0 , 0), one can get an equation for M ξ as
The explicit forms of Π PP (q 0 ) and Π SS (q 0 ) are given as
where Tr denotes tr Dirac ⊗ tr Spin ⊗ tr c ⊗ tr Flavor . When T and µ are finite, the corresponding equations are obtained by the replacement
Also in this case, an equation for meson mass M ξ is of the same form as (18) , but the polarization functions are obtained in more complicated forms:
for pion and
for sigma meson. Here, A(µ) and B(q 0 , µ) denote loop integrals [39] defined by
where f PNJL (E p ±µ) is the modified Fermi-Dirac distribution function [21] defined by
The distribution function f PNJL (E p + µ) is obtained by replacing −µ → +µ, Φ →Φ andΦ → Φ. In actual PNJL calculations, the imaginary part of meson mass M ξ is assumed to be negligible in (18) ; this assumption is exactly satisfied when M x is smaller than twice the dynamical quark mass, 2M , and approximately satisfied for M x slightly above 2M . In the case of µ = iµ I = iT θ, the corresponding distribution functions
depend only on the extended Z 3 invariant quantities, Ψ ,Ψ , σ and e 3iθ . The distribution function f PNJL (E p − iT θ) is obtained by replacing θ → −θ, Ψ →Ψ andΨ → Ψ . Therefore, the distribution functions are also extended Z 3 invariant, and hence they have the RW periodicity. Furthermore, the polarization functions Π ξξ depend on θ only through the modified Fermi-Dirac distribution function f PNJL (E p ± iT θ). Therefore, the meson masses have the RW periodicity.
IV. NUMERICAL RESULTS
First, we investigate the µ dependence of pi and sigma meson masses, M π and M σ , in the µ R and µ I regions. It is found from (24) and (25) that M π and M σ are symmetric under the interchange µ ↔ −µ, indicating that they are functions of µ 2 . Figure 1 presents the µ 2 dependence of M σ and M π in the case of T = 160 MeV that is near the pseudo-critical temperature T c = 170 MeV of the deconfinement phase transition at µ = 0. They are smooth at µ 2 = 0, as expected. This makes it possible the analytic continuation of meson masses, M π (µ) and M σ (µ), from µ = iµ I to µ = µ R . This is important for LQCD simulation, although the PNJL calculation does not need the analytic continuation. In the right-half panel representing the µ R region, M π and M σ agree with each other when µ 2 > ∼ 0.1 GeV 2 . This clearly exhibits that the restoration of chiral symmetry takes place at µ 2 > ∼ 0.1 GeV 2 [21] . In the left-half panel representing the µ I region, M π and M σ look almost constant in this scale, but one can see oscillations of the masses on closer inspection shown by the inset and Fig. 2 that presents M π and M σ as a function of θ.
In our previous paper [32] , we showed that θ-odd quantities with the RW periodicity such as dΩ PNJL /dθ and the imaginary part of Ψ are discontinuous at θ = π/3 (mod 2π/3) and T ≥ 190 MeV. This first-order transition is called the RW phase transition. Meanwhile, θ-even quantities with the RW periodicity such as σ and the real part of Ψ are discontinuous in their derivative [32] . This indicates that the meson masses M ξ have the same property as the chiral condensate. Actually, Fig. 2 shows that the M ξ are θ-even functions with the RW periodicity and then not smooth on the RW phase transition line. As an important property, the phase of oscillation is opposite to each other between M σ and M π . This can be understood from their slopes at µ 2 = 0; dM σ /dµ 2 < 0 while dM π /dµ 2 > 0 as shown in the inset of Fig. 1 . These slopes reflect the chiral symmetry restoration appearing at µ 2 > 0. Another point to be noted is the difference in their amplitudes; the amplitude of oscillation is relatively larger in M σ whereas very small in M π . This can be understood from (22) and (23); the latter has a term depending on the effective quark mass M and consequently reflects the chiral symmetry restoration directly, while the former does not.
The meson mass M ξ (θ) is a θ-even function with the RW periodicity in the µ I region. This means that M ξ (θ) can be expanded in terms of cos(3kθ) with integer k:
When T = 160 MeV, the normalized coefficients a k (T )/a 0 (T ) are about 0.1 % for k = 1 and negligibly small for k ≥ 2. The neglect of the normalized coefficients with k ≥ 2 is a good approximation at T near and below T c . Particularly in the strong coupling limit of LQCD, the a k with k ≥ 2 are known to be zero [40] . Hence, M ξ (θ) is approximated into
where A(T ) and C(T ) are determined from M ξ at θ = 0 and π/3 as Figure 3 shows A and C for the case of M π . They smoothly increase with increase in T except a dip around T = 237 MeV that comes from a threshold effect due to π → quark + antiquark. The ratio A/C also becomes large as T increases. This means that the θ-dependence of M π becomes stronger as T increases. It is then preferable that LQCD simulations will be made at higher temperature near T c except the dip temperature, in order to determine the parameters of the PNJL model more accurately. The θ-dependence of meson masses at lower T can be extracted from LQCD data at higher T by using the PNJL model.
If A = 0, M ξ will have no θ dependence, as shown by (29) . The fact that A/C is small, then, indicates that the θ dependence of M ξ is rather weak. Figure 4 presents the Tdependence of pion mass at θ = 0 and π/6, where results of θ = π/6 (θ = 0) are represented by solid (dotted) curves. As expected, the overall behavior is almost the same between the two cases and the difference between the two is not large, although the crossing point where M π = 2M is shifted to higher T as θ increases. The extrapolation of M ξ from µ 2 < 0 to µ 2 ≥ 0 was necessary for LQCD at least so far. Actually, LQCD data at µ 2 < 0 were extrapolated to the µ 2 ≥ 0 region by assuming some fitting functions [4, 5, 6] . In the PNJL model, physical quantities are calculable directly in the µ 2 ≥ 0 region, if the parameter set is determined from LQCD data in the µ 2 ≤ 0 region. Here we assume the present PNJL result as a result of this θ-matching approach and compare it with results of usual extrapolations in order to test the validity of the extrapolations. We consider two extrapolations. The first one is
When µ = iµ I , Eq. (32) a similar form is used in Ref. [5] for thermodynamical quantities rather than meson masses. The second is the polynomial extrapolation [4, 6] in which a polynomial of µ 2 is taken up to eighth order.
In Fig. 6 , M π calculated with the exponential and the polynomial extrapolation are compared with the result of the PNJL model. In the two simple extrapolations, their parameters are fitted to the PNJL result for µ 2 ≤ 0 at T = 160 MeV. At µ 2 ≤ 0, M fit π agrees with M π calculated with the PNJL model within thickness of curves. This means that the a k for k ≥ 2 are tiny in the expansion (28) . The two simple extrapolations give almost the same result for µ 2 > 0. Thus, the polynomial extrapolation often used so far is essentially equal to the exponential one. The PNJL result and the results of the two extrapolations coincide accurately up to µ R /T ≃ 1.
Next, we discuss mathematically on the the analytic continuation of M ξ from µ = iµ I to µ = µ R + iµ I . First, we assume that LQCD gives M ξ numerically in the µ I region. In order to make the analytic continuation, we need an analytic form of M ξ that is valid in the µ I region. The Fourier expansion series (28) gives such an exact form of M ξ , since M ξ is a θ-even function with the RW periodicity. As shown below, M ξ has no θ dependence in the low-T limit and then all the a k except a 0 tend to zero in the limit. The partition function Z GC (θ) with a finite value of θ is equivalent to Z GC (0) with the boundary condition q(x, 1/T ) = − exp (iθ)q(x, 0) for the quark field q [33] . In the low-T limit where a period 1/T of the imaginary time becomes infinite, the value of Z GC (0) does not depend on how to take the boundary condition and then has no θ dependence. The PNJL model can reproduce this property, as proven in Ref. [32] .
As a result of the analytic continuation from µ = iµ I to µ = µ R + iµ I , the series becomes This is a natural extension of the exponential extrapolation (32) . This form is valid, if the series converges. The condition for the convergence is
In general, R depends on µ and T . Now we consider the case of µ = µ R . In the low-T limit, all the a k except a 0 tend to zero, as mentioned above, while the factor cosh (3(k + 1)µ R /T )/ cosh (3kµ R /T ) diverges for all k. Thus, there is a possibility that R is less than 1 even in the low-T limit. However, it is impossible to evaluate the extremely small coefficients a k (k ≥ 1) from LQCD data in the finite θ region. Also for large T near T c , the PNJL calculation shows that the coefficients a k with k ≥ 2 are negligibly small. It is then difficult to evaluate the small coefficients from LQCD data with finite errors in the finite θ region. Hence we propose to use the θ-matching approach based on the PNJL model instead of the exponential and polynomial extrapolations and the analytic continuation (33) . Finally, we check an influence of the current quark mass m 0 on the µ-dependence of M π , since large m 0 is taken in LQCD simulations at finite θ. The result adopting m 0 = 80 MeV is shown in Fig. 6 , for example. This figure indicates that, with heavy m 0 , the sign of dM π /dµ 2 at µ 2 = 0 becomes opposite to the case of light m 0 shown in Fig. 1 . This should be noticed.
V. SUMMARY
We have analyzed, by using the PNJL model, the µ-dependence of pi and sigma meson masses in both the µ R and µ I regions. In the µ I region, the meson masses M ξ (θ) (ξ = π and σ) are even functions of θ with the RW periodicity: M ξ (θ) = M ξ (−θ) = M ξ (θ + 2kπ/3). This property is the same as that of the chiral condensate. The RW periodicity indicates that in general M ξ (θ) are oscillating with θ. The amplitude of the oscillation becomes large as T increases. We then recommend that LQCD calculations be done at higher T near the pseudo-critical temperature T c of the deconfinement phase transition at µ = 0 , in order to determine the parameters of the PNJL model more accurately. The θ-dependence of meson masses at lower T can be extracted from the LQCD data at higher T by using the PNJL model. As for pion mass M π (θ), it should be noticed that the phase of the oscillation is rather sensitive to the value of the current quark mass m 0 .
It is possible to do the PNJL calculation with a parameter set common between the µ R and µ I regions. Hence, we can argue that meson masses and other physical quantities in the µ R region can be extracted from LQCD data on meson mass at (1) finite T and zero µ and (2) finite T and nonzero µ I , by using the PNJL calculation the parameters of which are fixed to the LQCD data. The present PNJL model has three parameters, m 0 , Λ, G s , in the quark sector and one parameter T 0 in the gauge sector. As an extension of this minimal PNJL model, the vector-type four-quark interaction and/or the scalar-type eight-quark one are occasionally added to the present Lagrangian [32, 41] . All the parameters can be determined from LQCD data at the two cases; a trial is shown in Ref. [41] . The polynomial and exponential extrapolations used so far are accurate at µ R /T < ∼ 1. The θ-matching approach based on the PNJL model is expected to be one of the most reliable methods to get physical quantities at finite µ R , if LQCD data on M ξ (θ) become available in the near future. We recommend that LQCD simulations be done systematically with the same lattice size between two cases of (1) finite T and zero µ and (2) finite T and nonzero µ I .
